
� �

������	�A�

B�CD	E�F�����
�

�D��������
�

��� ���	D�����D��
�� ������������D��B����	�C����

������B���B� ��B�! ��B�

�� "�D	�#��$�	����B�CD	E�

�������%�&��	E�"�D	�#��'�$����(B�#������)�����*�	��'��+��,&D��E�'��+�

�-�������&�'��+����'(��'	�$����'(�.����+���'-'���&�������������
�

�

(((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((

((�

�

������	D�����D��
�

)��� �DC����	� �E���C� ��������&&E� �DC�	����� ��	��� �C�D	����� ��	��� /� ������ ��$�����

����	�&��	D������#������0� F1���������D��������$�����)���� F�����&�����C����D����	���

�DC�D������ ��C�&E�� ���� �	���C����� &D#��� ����� 0�2F1��C�CD	E� ������ ���� ���� �D��	D&�

������

���������D���D����������%�&��	E���D	�#�3���D���	E���D	�#����$������	��������D���D	�������

��������	����D���D����&D�#(��	C�4������

�

�

�

�

�

�

�

�

�

�

�

�

�

�
	�AB�C�D�E�F��C�������C��C�C�����������������B�C��

�

�

)���D45����$��D�������������	�����D����	D����������D������D��B�CD	E�������D������

�DC����	�6������	����D6����������4D$����#�	�����C����C�CD	E��������D���	E�

C�CD	E��)���B�CD	E���������&��+���6����D���	���	���D�������DC����	����������&&E����

��D6�����������#�	�7��

�

� �

�������	A�
�B�	�C��

D�EFB����B� �FBEFB����B�

��������	�AB�CCD�E�F�D��

�	�B���B���
��C������B�

�����
����	A�

���B	������B�



� 7

�

�
�

	�AB�C��E�������A��C�������������C��B�����

�

�

�&&���D	�#����$������	�����	����	�8���6���������D&&D6��#������	����

�� "�����

�� -D&���&��E�

�� �������C���D��

��  D	��4�&��E�

�� �D��������������E�

�
D�D������� ���������C��B�C�C���

�
�&&� ���D	C���D�� ��� ���� �DC����	� ��� ����&��� ����#� �&���	���&� �DC�D������ &�+�� ����

����#	����� ��	������� ��C��D�����D	��� �&&� D�� 6����� ���� 	��D#��8�� D�&E� �6D� ������� /�

�	�������D	��4������D������&���	���&���#��&��)6D��EC4D&��������D�	��	�������������6D�

������� �	��!� ����D�� ���� �	�� +�D6�� �����)"� 0��� �44	�$����D�� �D	��"��	E�'�#�#F1��!�

	��	������� ���� �4������ D�� �� ��#��&��D� 	��	������� ���� �	������� D�� �� ��#��&������)� ����

���	��D	��������C�&&���������D�������������DC����	��������������	���D	����!�D	�D��

"����������#&��4���������D	��D�&E�D���D�������6D�$�&��������	�������D���4&E�4��D�&E��D�	�

���9����DC4�����D����

!!� !D� D!�� DD�

������	������	��D	����DC4������D#����	����D�&�	#�	����������D	��	��D��D&��#	����	�	��#��

D��$�&�����

�$#%F��	���E����&&E�����9������D����#���4���������D#����	��D��	����������#&���DC����	�

�&���4�����&�D	���C�	���&����	����	��BD	��D�����	���		����D����&�	#�	�C�&���&����4E����

C�E� �����	� ���&�'�(��C�� 0��:7;� 4E���1���CA�(��C�� 0��:;A�<=>� 4E���1��)�A����C��

0��:=?�=;��A7;1�� #C�����C�� 0���	D%�� ��:@@�<���:::�:::� 4E���1�� D	� *C�����C��

0���	D%�����7<�A@@�@::�:::�:::�4E���1��

�E���� �	�� ����� �D� 9������E� ���� �CD���� D�� ����� ��#���&&E� ��D	��� 0D�� ���+��� �����1� D	�

�	���C������ 0D$�	� ���� ����	���1�� ���� �	�� �&�D� ����� �D� C����	�� ���� C�CD	E� ����

�D��C������8���

�

������B���B� ��B�! ��B�
��������

�)���)�	C��DC����	�B�CD	E���������������D���D	�CD	�������D���������������D	�������

�'���3�	D#	�C�����	����D���������	���C�D	�	�&E�D	���	C�����&E���������	�����&��	D������#��



� ?

��DC�D����������E��DC����	��)��� ���������$�	�&������	�����E�����)��E��	����

�� B����B�CD	E�3� 	�C�	E�B�CD	E�������

/�)6D�CD����C�D	������	��
�� ��B0����DC��������B�CD	E1�

�� ��B0����(D�&E�B�CD	E1�

/�)��E�6D	+���������	����6�E��������	�D	C����������������D���
/�� F���#����	��
/�������B�CD	E�

�� "��D���	E�B�CD	E3��%�&��	E�B�CD	E�

�&�D� ��	C��� ��� A��%�&��	EB� D	� A4��+��B� ��D	�#��� ��� ��� �E����&&E� ����� ��� ��

����&�C���� �D� C���� ��D	�#��� ��� ��� C���� ������	� ����� ���� C���� ��D	�#�� ����

��D	��� &�	#�� �CD���� D�� ����� ���� ����	����D��� ��	C�����&E��*�	�6�	�� ��$�����

&�+��C�#�������������������+����&&�����	����������#D	E��

�

�DC����	B��C�CD	E�����4���&������������D��6D��E����/���B�������B���

�+��D	�����DC��������B�CD	E������������	�&���D	�#�������������DC����	��E���C�����

��������&����������DC����	�6��	������D��	����#��E���C�����&�����D���	D#	�C����������

����� ��� ��		���� ���� �	�� +���� ��C�D	�	�&E� �D� ����� ���E� ���� 4�� ��������� 4E� ����

�DC����	B���	D����D	��)���CD	����B����DC����	����������CD	����������DC����	�����

C�����&�����

����DC� ������� C�CD	E�� �&�D� ��&&��� ���� ����3.	���� C�CD	E�� ��� ���� ��C�D	�	E�

C�CD	E�D�����DC����	��������������D�4��A$D&���&�B������������D��������	���������4&��D�&E�

���&D�#���������DC����	����D���)����D�������D����B��	���&��	���D���������DC����	����

��	����D����

�,��D	��������&E�B�CD	E������������&��E���D��C�CD	E�6���������D�&E�4��	��������

�D������� D��6����� �	�� �D�� &D��� �$���6���� ���� �DC����	� ��� �6������� D���� ��� �E����&&E�

�D�������C��������	�	B������	����D�����CD�#�D���	�����#�����B��&�D���D	������������&�

�	D#	�C���&&�������A4DD���	���&D���	B�6�D���������D������D����	�������DC����	��D��6�	��

D��	����#��D���������D6�	������	����D���

����(D�&E� C�CD	���� ���� 4�� ���B����B�C�-���A����C.� D	� B�C�-���A����C.��

.��&�� C��������	�	(�	D#	�CC��� ��B�� ��$�� ����� 4�	��� ���D� ���� ��	����	E�� ���	(

�	D#	�CC�����B��������$���������	�&D��������������D	��	���(D�&E��	D#	�C��� ��B�

D	� 	D#	�CC�4&����B����������C��#�$����D��������B���

���D	C���D�� D���� ��D	��� D�� ���� ��B� D	�  ��B� ����� ����D�� 4�� �&��	���� *D6�$�	��

��D���	��E���D��C�CD	E���&&���! ��B�0!	���4&�� ��B1��&&D6�������	��D��	��������

���D	C���D�� ��D	��� D�� ���� ����� ���� 	��	D#	�C� ��� 6���� ��6� ���D	C���D��� !! ��B�

0!&���	���&&E� ! ��B1� ���� F-! ��B� 0F&�	�� -�D&��� ! ��B1� �	�� �6D� �E���� D��

! ��BB���

�

� "�D	�#��-���B�CD	E�

�
��B� ��� $D&���&�� C�CD	E� ��$��#� �� &�C����� ��D	�#�� �������E�� "��D���	E3��%�&��	E�

��D	�#�������D	�#��D���	������������B��)��������&������$�����������	����	����	�&�����

�	�� �D�������� ���� �D��	D&&��� 4E� ���� �DC����	� �D� ���4&�� ��	C������ ��D	�#�� D��

�	D#	�C������������

��A�C�����C.�B��6����D�����D�4�����	&E����%�����$������&D�#�&�����#�C����C������

���	��D	��� 4���C�� ���� �	���		��� ��D���� �D	� ��%�&��	E� ��D	�#��� ,&D��E� ���+�� ���� ��	��

���+����&&�����	����������#D	E��)�����6�	��D	C��D����D	�#����$������	��������'������AC�



� ;

.C/��C��&�+���'���'-'��� ����	�$���C����	�$�������

#��FB�����C�E�

�

)��� C�CD	E� ��� ���������&&E� C�����#� ���� ��B�� )���� +����� ���� ���D	C���D�� �D	� ��

��D	��	���	�D��D����C��0����&&E�$D&���&�1����������	�����CD	���%�����$���

�E� "�D	�#�� 6�� C���� ���� *�	�� ���+�� *�	�� ���� ���D	C���D�� ��� 	�������� &D�#�	� 0�D�(

$D&���&�1���B��"&D6�	�����������	�

�

�

�������%�&��	E�"�D	�#��'�$����(B�#������)�����,&D��E�'��+��*�	��'��+��

�
)��� B�#������ "�D	�#�� !%�&D���� ���&��E� D�� C�#�����C� ���� �&���	����E�� ��� �D�$�	���

�&���	���&� ��#��&�� ���D� C�#������ ���	#���� �����	��� C�#������ ���	#�� D�� �� ��D	�#��

C����C� ���� ����� &���	� 	�#���	����� �&���	���&� ��		���� �	DC� ��D	��� C�#������ ���	#���

 D&�	��E�D��C�#���������	#��	��	�������4���$�&����8�	D�����D����

�

B�#������'��+�
)���B�#������'��+����,&������	��&�	��&����	�6����C���&&����D����#���������	D������4�������

	���36	�����������������������DC����������$���D�	���36	�������������4��CD$����D���E�

&D����D��D�������&����	��

�

,&D��E�'��+�
)����� �	�� �C�&&� 	�CD$�4&�� ���+�� ����� �	�� �&������ �D����� 6���� C�#������ 	��D	���#�

C���	��&��,&D��E����+���	���E����&&E�?�<�� �����8��0���C���	1����������D&����;;�B��D��

������)�����D	��4&����D	�#����$���������	�6	���4&��C�������������4��	����������C4�	�D��

��C�����

,&D��E� ���+�� �	�� �DCCD�&E� ����� �D� CD$�� ��&��� 4��6���� �����	���� �DC����	��� )���

C���������$����#��D���&D��E����+�������������E�����4����C�#�������&E���������	��D	���

�	�� �D�� $�	E� 	�&��4&��� )��� �D&&D6��#� ��#�	�� ��D6�� ��� �%�C�&�� D�� ���� �&D��E� ���+��

,�#�	��?���D6���������	��D�������&D��E����+��

�

�

�

�

�

�
�

�

�

�

�

	�AB�C�0E�	'����������

�

�

*��'�'�"E�

�
��D���	� �D	C�D����%�&��	E� ��D	�#�� ��� ����	�����+������	�����+��D�������D��D���D	�

CD	��	�#���C���&��&������D�����6������C���&�D%����C���	��&�������&&D6��������D�4��

C�#������&&E�	��D	����D��������	�����D�������&����	���)�����	�����+��&����	����������



� <

����#��	����D����������E����&&E�<;::��D�=7::�	�$D&���D�����	�C������0� B1�"�D	�#��

�����������D����	�����+���D	���	�D��&��DC����	��	��#���	DC��:�F���D��7:�F��0D���

4�&&�D��4E�����	����&&�����#�#�4E��1��

�

�

�

�

�

�

�

�

�

�

�
	�AB�C�1E�2��.������

�

�

�-�������&�'��+����'(��'	�$����'(�.����+���'-'���&�������������
�

������&�B����"�D	�#��'�$�����"�D	��4���$�&�������$�	����D������&�#���	��&����D���)��E�

��$�� ��#��	� �	��� ������E� G� &D�#�	� ����� &���� ����� C�#������ ��D	�#��� )��E� �	�� �&�D�

"�����	��8��� ���� 	�&���$�&E� ���%�����$��� )���	� F����� 	���(D�&E� ��D	�#�� 6���� &D6�

��	�D	C����� 	�9��	�C������ ���&�����D��� 6���� ��#�� �������E� 	�9��	�C����� G� 6��	��

�D	��4�&��E������������	��8����D	C��������������

%3���'C������C�,�����'����/C��

�� �'H��0�DC�����'��+1�

#�C��������ACE��

I�=::�B����D	�#��

#�C���#��C�E�

/� �'(��B�0	����D�&E1��

/� �'(���0	��D	�1��D����'�

/� �'(�.������6	���������	�����'��D�	��������0	�(6	���4&�1�

/� '-'0'�#���&�-���D�'��+1�

�

��E�

�DC�����'��+� 0�'1� ����D	��4&�� ���+� ��$��#� ����� ��D	�#�� �������E�4��6���� ><:(=::�

B��� ��� ���� �D&�� &�	#�� �CD���� D�� ���D	C���D�� ����� ��� C������

��&&(CD��D��$���D������� ��%������� ����D���������#���&� ���D	C���D�� ���������4��	�����4���

����D��4��	�6	��������"���	�����	�$����%�����D	�	�����#�����6	����#��'���

"����� ��� ��� �� $�	E� 	�&��4&�� ��D	�#�� C������ ��� ��� $�	E� D����� ����� ��� �� C����C� �D	�

����	�4����#�&�	#���CD����D�����D	C���D���D�&�	#����C4�	�D�����	������������D��E�CD���

D�������D��6�	���������	�4�������	D�#���'���

�

�4��

'�#���&�-�	����&��'��+�0'-'1������C�&�	��D����'�4�������&�	#�	���D	�#���������E�����

��D	CD����&�	��E��'�������#���D���������+��E������������D	����$�	�&�F�#�4E����D�������

0���D��D�����D��	D����><:B��D�����'1��'-'���	���	�C�	�&E�������D���D	��C�����D	�



� >

CD$������������4���&�E���4��+�D��ED�	���&�$���D��D	������DC����	��DD��)��E��	���D��

	�6	���4&��C�����������&�D���	C���'-'�0'�#���&�-���D�'��+1�

�

'-'(��B�

/� �$�	�;�F����D	�#��0$�	����6�����D	C��1�

/� '-'(���B�0	����D�&E1�

/� B��E�	��D	��4&���D	C����0��#���'-'(���'-'(�.D���1�

/� �	��CD	����#�&E��DC�������������'��

/� "�����&�&���	������������D�	�������C�
�

�&�(	�E�)����D&D#E�

�
)��� ��C�� ��� ��	�$��� �	DC� ���� 4&��($�D&��� &���	� ����� �D� 	���� ����6	���� ������ ���6���

��$�&D���� 4E� ���� �&�(	�E� '���� ���D�����D�� 6���� CD	�� ����� �A:� C�C4�	��� "DC��

�DC�������6���� ���� �����D&D#E� �	��'�&&�� "D�E�� 2F�)���'���� �������E� ��� $�	E� &�	#���

4������� �&�(	�E� ����� �� 4&��� &���	0;:<� ���DC���	�1� �������� D�� �� 	��� &���	0><:�

���DC���	�1�������&&D6������������	��+��D������������D�4��$�	E��DC������)�����&&D6���D	�

CD	��������6��������C�&&���������D����'-'����������D������#	���&E��DC�����������&�(

	�E������D&���&CD���<���C���CD	�����������������#&��&�E�	�'-'���&D����D�7<�F�J�K����

&�+����'-'��&�(	�E������&�D�4��	��D	�������'��&(2�E�	��D	C����)�����&&D6���������+�

�D��D&������D�<:�F�JJ�

)���-�	����D�����������D	C�����	������D&&D6���

�� �'(��B�0	���(D�&E1�(��D	��	�(	��D	�����D�������

�� �'(��0	��D	��4&�1�(��D	� ���������D	�#���

�� �'(�.�0	�6	���4&�1�(��D	� ���������D	�#���

�� �'(�!�0	�6	���4&�1�(��D	�*')-�	��D	���#��

�

�

"�CC�	E��

�
)���������	��������	D�����������D������D��C�CD	E�������������������#D	�����������C����

���� ���� ���D���C�CD	E����� ����	����	����	������ �����	���� ������������� ���� �����	���D��

��B����B�� ��B������! ��B����%�&��	E�"�D	�#��'�$�����&�+��(B�#������)�����

*�	�� '��+�� ,&D��E� '��+� �	�� �&�D� ���������� �)��� ������	� �D��&����� 6���� ���

���	D�����D�� �D� ����������&�'��+�� ���������'(��'	�$���'(�.����+��'-'��&��� 	�E�

'�����

�



��������������	���





������������	AB	CD�E��F���B�D��

� ��ED��������������

� �C��	�����C�����DE������B�D���D�	���������������E� �C�����!���DE!�	�"B�D�#�!�ED��$

� �D����E��	AB	CD�E��F���B�D��%�EC�	�	�D��C�������B�D��������E��D����DE!�	
�DED	��EC��D�	�	!&�����E�E!�	�����	�#�C��E���C	�!�D����"	"��&���!�D�'����!�D�($



�CD���B�D��C�)����������

*�	&��E#	�D����DE!�	���C��D��C��EC���EC�
!	����D��	�����"��C	�D��D�	��D�	��!&�
E�������ED	��C�BD�$�*�	�	��DE!�	���C��D��C��
E�	�B�BE��&��E��	��D�	��DED	�����D�	�����B�D$

� *�	&�E�	�'��+�,+�����(��-.��$

� ��	C	#	���	��	�	��D��D�	��DED	���������
�������	��	�	��D��D�	��DED	�����D��
C��"E���BD�BD��/�$

� 0��	���"����ED	������������B�	�E����� �E��
D�	���CD�����C�BD$�*�	�	����� 	�������
������E�	�B�	����	C	#	��D�	��C�BD�EC��
�BD�BD����CE���"B�D����B����D��C�E�
�E�D��B�E���	AB	C�	$



�CD���B�D��C��*&�	��.�����������

�� �1�����������
E$�1�������������D�#	�-���2�3�34��ED	�
!$��1�������������D�#	�+����2�3.1��ED	�

�� F��� 	���1����������
�� 56����������
�� 56�������������D��7�	��	D��C��F�	E�
�� *����������
�� 4����������

	� 0E�D	����E#	�8��	�*����	�	�����������



*�	�9�	��������������

� ����0	"��&�����B�D�

� ����-�����F�CD����4	#��	�

� ����F�BCD	��4	#��	�

� ����1	���D	��4	#��	�



�1����������

� *�	�"��D�!E������������������E��	���1����������$

� *�	�!E����1���������������EC�E�&C����C�B���	#��	$

� �C�E�&C����C�B���	#��	��D�	��BD�BD������""	��ED	�&���EC�	��EC&D�"	��C	����
"��	����D�	��C�BD����EC�	�:B�D�E���C���"!�CED��CE������������B�D�$

� �D���	��C�D���	�ED	��C��D	����D��E����� ����D�"�C�$

� *�	�	�!E������������������B�D��EC�!	���C�D�B�D	��B��C��D���3�34��ED	���ED������
D���3.1��ED	���ED��$

� �1�������������D�#	�-����1�������������D�#	�-����1�������������D�#	�-����1������
�������D�#	�-���2�3�34��ED	�

� �1�������������D�#	�+�����1�������������D�#	�+�����1�������������D�#	�+�����1�
������������D�#	�+����2�3.1��ED	�



�1����������

� *�	��1������������E��D����C�BD���
�8*�����EC��18�8*��1�$

���*�	��1������������E��D��
�BD�BD���/�EC���;

� *�	�/��BD�BD������C���	�	��D�	�
C��"E���BD�BD�EC�����D�	��C	�
"��D�B�	�$

� *�	��D�	���BD�BD�; �����"��&
D�	���"���"	CD�����BD�BD�/$



�1�������������3�34�,�*8�-�*F+

� *�	�3�34��ED	�#	����C��E��D����C�BD���
�8*�����EC��18�8*��1�$

� *����BD�BD���/�E��C��"E���BD�BD�EC��
;�E���C#	�D	���BD�BD�EC���		�!E� �
"	��EC��"$

� *�	��		�!E� �"	��EC��"�����	AB��	��
D�����"�E��	AB	CD�E������B�D�!&�
��CC	�D�C��D�	��BD�BD����3�34�'�D��
D�	��C�BD����3�34�<�EC��#��	�#	��E$

� *�	�����B�D��BD�BD���	�	C����C�D�	�
�C�BD��EC��E�����C�D�	��BD�BD�$



�1�������������3�34�,�*8�-�*F+

� ���"�D�	��	�����D��C����D�	�3�34�
�ED	��ED�����	�ED��C���D�������
D�ED�D�	��8*�EC��18�8*��C�BD��E�	�
E�D�#	�-.�$

�

�

*�	��8*��C�BD�������	D�/�2�'���	C�
�8*����(��-.��$18�8*��C�BD������
�	�	D�/�2�(���	C�18�8*����(��-.��

�C�D�	������!�D	�%�3=�-�4��DED	�
!�D���BD�BD��E�	�'$�*������C��D��C�
���C�D�B�	���C�D�	�1������������$�
*�	��	D���C��D��C�"	EC���	DD�C��
D�	��BD�BD�/�D��'$

� -� 	���	��D�	��	�	D���C��D��C�
"	EC���	�	DD�C�����	E��C���D�	�
�BD�BD�/�D��($�*�	��E�D�����������
D�	����E!�	���������������C��D��C�
���D�	�1�����������$�*�	��BD�BD��
�	"E�C�E��D�	&��	�	�!	���	�D�	�
�������C��D��C�	>��D	�$�*�	�	����
C����EC�	��C�D�	��BD�BD�����"�D�	�
��	#��B���DED	�



�1�������������3.1�,�*8�-�*F+�3.1�,�*8
-�*F+�3.1�,�*8�-�*F+�3.1�,�*8�-�*F+

� *�	��ED�������B�D��EC�E����!	���C�D�B�D	��B��C��D���
3.1��ED	���ED��$

� *�	���C�D�B�D��C������"��E��D��D�	�3�34��ED���
	>�	�D�D�ED�D�	�C��"E���BD�BD�/�EC���C#	�D	��
�BD�BD�;��E#	��	#	��	������D��C�$



�1�������������3.1�,�*8�-�*F+

� ��2�'��1�2�(?�*����������	D�/�D��'���D���� ���C��8*�"��	���	�ED��C$

� ��2�'��1�2�'?�*������C��D��C�D��	��D���	D�EC���	�	D�D�	�3.1��ED	��ED���ED�D�	�
�E"	�D�"	��EC���D�����B�	��/�2�;�2�(�*�������EC�BC	>�	�D	����C��D��C�EC��
E�	�C�D�B�	�$

� ��C�	�D�	�D����BD�BD�����B���!	��C#	��	����	E����D�	�$����D�	��C�BD��
E�	��	DB�C	��D��'���"B�DEC	�B��&��D�	��BD�BD��DED	��E�	�BC��	���DE!�	$

� *�����C�BD���C��D��C����B���C�D�!	�B�	��EC����	C�����B�D��E�	���C�D�B�D	���
D�	��	���C����B���"E 	�D������C��D��C��8*218�8*�2�'�C	#	��E���	�



�1�������������3.1�,�*8�-�*F+

� ���"�D�	��	�����D��C����D�	�3.1�
�ED	��ED�����	�ED��C���D�������
D�ED�D�	��8*�EC��18�8*��C�BD��
E�	���D�#	�+�,+$

� *�	��8*��C�BD�������	D�/�2�'�
��	C��8*����'��+�,+�$�18�8*�
�C�BD�������	�	D�/���	C�18�8*����
'��+�,+�$



*�	�F-.F6

� ��	C�D�	����� ���EC�	�����"�E�-.���DED	�D��E�+�,+��DED	��D��������E��	��D�	�����D�#	�
���C��D�EC��D��C��7,*���������D�#	�	��	�D����	�	�$

� ��	C�D�	����� ���EC�	�����"�E�+�,+��DED	�D��E�-.���DED	���D�����E��	��C	�ED�#	����C��
D�EC��D��C��3,*�����C	�ED�#	�	��	�D����	�	�$



F��� 	���1����������

� ����D��CE������ ��C�BD����E��	��D����EC�	�D�	��1���������������"�EC�
	�	"	CD�B�	���C�E�&C����C�B���	AB	CD�E������B�D��D���C	���������EC�!	�
B�	���C��&C����C�B������B�D�$

� *�	����� 	���1������������������&"!���D�ED����D����	�	��!&�D�	�7,*��������C�
�C����B�	$

� �D��"	EC��D�ED�D�	������������EC���EC�	�D�	��BD�BD��DED	���C�&���	C�
���� ����CE��"E 	��E�D�EC��D��C����"�-.��D��+�,+$



F��� 	��1�����������

� *�	�*�BD��*E!�	��C����B�	�����������D�	�����������
�BD�BD�������	���C��D��D�	�7,*�ED�D�	����� 	��
�C�BD�����D�	�#E���B����"!�CED��C������1��C�BD��EC��
�BD�BD$

� *�	�B��E������&"!����C���ED	��7,*$



F��� 	���1����������

� *�	����� 	���1������������������&"!���D�ED����
D����	�	��!&�D�	�3,*��������C��C����B�	$

� �D�"	EC��D�ED�D�	������������EC���EC�	�D�	��BD�BD�
�DED	���C�&���	C����� 	�����CE��"E 	��E�D�EC��D��C�
���"�+�,+�D��-.�



F��� 	���1����������

� F-.F684��1��-�7�
�-.7�-.,�F�
F�1F9�*

���B�	��3.1�,ED	
3.1�,ED	�3.1�,ED	
3.1�,ED	��"B�D
B�	���34�,ED	��C
���CD$



56��������������&"!��

� �C�D�	��D&�	���������������
���56����������$

� �D�����	������"�D�	�1�������
��������	C�5262'���C��D��C�
���C�D��C�	D	�"�CED	�!BD��D����
�	��C	��D����#	�E�#	�&�B�	�B��
��EC�	�#	���D����	��E�D��C$

� *����	�"	EC��D�ED�/�EC��;�
��������D���D��D�	���������D	�
�DED	�$

� *�	�56������������E������ �
�C�BD�F��EC��D�����CD����
�C�BD��5�EC��6$

� .�	�ED��C����5 ��������������
��"��	D	�&��	����!	��!&�D�BD��
DE!�	��C����B�	$



56�����������)�*�BD��*E!�	��C��-�����F���B�D



56�������������D����&C����C�B���C�BD

� *�	�5�EC��6��C�BD��E�	��E��	���&C����C�B���C�BD����C�	�D�	&��C�&��C��B	C�	�
D�	��DED	����D�	�������������	C�D�	����� 	���B��	������	�	CD$

� *���������������EC�E�����E#	��D�	���C�BD���E��	��7�	��	D������8*��EC����	E��
D�ED��EC�!	�B�	�������	DD�C��D�	�����������D��'�����	�	DD�C���D�D��(�!&�E���&�C��
D�	�E�������ED	����CE��D��D�	�7�	��	D�EC��F�	E���C�BD�$

� *�	�	��C�BD���EC���EC�	�D�	��DED	����D�	������������	�E���	������
�&C����C�B���C�BD�����D�	����� 



56�������������D��7�	�	D�EC��F�	E�



56�������������D����&C����C�B���C�BD



56�������������D����&C����C�B���C�BD



*��������������&"!��

� *�	�*������������E���C�&�D�	�
*����	�EC��+����.�	�ED��C$

� ���*����	�"��	���	�ED��C$�*�	�
�BD�BD������D����	����"�'�D��(�
���#��	�#	��E$



*�����������)�-�����F���B�D

� -���������B�D�*�
����������B��C�

3.1��ED	
*����������
B��C��3�34
�ED	



4����������

� �����6C��C�E��4EDE����������

� FEC�!	���C�D�B�D	�����"�1���������������
56�����������!&�E���D��C����EC��C#	�D	�$

� �C#	�D	�������CC	�D	�����D�ED�D�	�1��C�BD����
E��E&��D�	��C#	��	����������5��C�BD����
E��E&����"��	"	CDE�&����6�$

� *�	�4����������������E�D�E��E��D��E�	�
	�	"	CD�����E���C��	�!�CE�&�����D��@�D�$



4��������������&"!��



4������������-���������B�D�*�BD��*E!�	



*������������EC��4�������������EC�!	�@B��D�
B��C��56����������

� *�	�56����������������C���	�	��E��
E�BC�#	��E�����������$

� ����"!�CED��C����56�����������EC��EC�
�C#	�D	���EC���C�D�B�D�E�4�����������
E������C��C����B�	$

� �D�E�����EC���C�D�B�D�*�����������!&�
��"!�C	�!�D��5�EC��6��C�BD����D��+�,+�
�	#	���C�BD�E������C��C����B�	$



0E�D	����E#	�8��	�*����	�	�����������

� FEC���CC	�D�D����	#	���	C��D�#	��ED��	���C�0E�D	����E#	���C���B�ED��C�D�����"�	��	�D����	�	��
���������$

� 0E�D	���ED���A�ED��	�B�#E�B	����A4B�ED�A/0B���	C�F-6�������$

� ��E#	��ED����EB�	��A/B�D����EC�	��C�&�ED�����C��	��	����F-6$



0E�D	����E#	�8��	�*����	�	�����������

������ �����

	

A
�



0E�D	����E#	�8��	�*����	�	�����������

0E�D	����E#	���C���B�ED��C

������

	

�����

A

B�C F�"�E�	��D��D�EC���D���#	����C

DEF�����������

B�C B�C

	 A

B�C B�C



�F�����������



Universal Gates 
 

Lesson Objectives: 
In addition to AND, OR, and NOT gates, other logic gates like NAND and NOR are 

also used in the design of digital circuits. 

 

The NOT circuit inverts the logic sense of a binary signal. 

 

The small circle (bubble) at the output of the graphic symbol of a NOT gate is 

formally called a negation indicator and designates the logical complement. 

 

 
 

The objectives of this lesson are to learn about: 

1. Universal gates - NAND and NOR. 

2. How to implement NOT, AND, and OR gate using NAND gates only. 

3. How to implement NOT, AND, and OR gate using NOR gates only. 

4. Equivalent gates. 

5. Two-level digital circuit implementations using universal gates only. 

6. Two-level digital circuit implementations using other gates. 

 

NAND Gate: 
The NAND gate represents the complement of the AND operation. Its name is an 

abbreviation of NOT AND. 

 

The graphic symbol for the NAND gate consists of an AND symbol with a bubble on 

the output, denoting that a complement operation is performed on the output of the 

AND gate. 

 

The truth table and the graphic symbol of NAND gate is shown in the figure. 

 

 
The truth table clearly shows that the NAND operation is the complement of the 

AND. 



 

NOR Gate: 
The NOR gate represents the complement of the OR operation. Its name is an 

abbreviation of NOT OR. 

 

The graphic symbol for the NOR gate consists of an OR symbol with a bubble on the 

output, denoting that a complement operation is performed on the output of the OR 

gate. 

 

The truth table and the graphic symbol of NOR gate is shown in the figure. 

 

 
The truth table clearly shows that the NOR operation is the complement of the OR. 
 

Universal Gates: 
A universal gate is a gate which can implement any Boolean function without need to 

use any other gate type. 

 

The NAND and NOR gates are universal gates. 

 

In practice, this is advantageous since NAND and NOR gates are economical and 

easier to fabricate and are the basic gates used in all IC digital logic families. 

 

In fact, an AND gate is typically implemented as a NAND gate followed by an 

inverter not the other way around!! 

 

Likewise, an OR gate is typically implemented as a NOR gate followed by an inverter 

not the other way around!! 

 

NAND Gate is a Universal Gate: 
To prove that any Boolean function can be implemented using only NAND gates, we 

will show that the AND, OR, and NOT operations can be performed using only these 

gates. 

 

 

 



Implementing an Inverter Using only NAND Gate 

The figure shows two ways in which a NAND gate can be used as an inverter (NOT 

gate). 

 

1. All NAND input pins connect to the input signal A gives an output A’. 

 

 
 

2. One NAND input pin is connected to the input signal A while all other input pins 

are connected to logic 1. The output will be A’. 

 

 
 

Implementing AND Using only NAND Gates 

An AND gate can be replaced by NAND gates as shown in the figure (The AND is 

replaced by a NAND gate with its output complemented by a NAND gate inverter). 

 

 
 

Implementing OR Using only NAND Gates 

An OR gate can be replaced by NAND gates as shown in the figure (The OR gate is 

replaced by a NAND gate with all its inputs complemented by NAND gate inverters). 

 

 
 

Thus, the NAND gate is a universal gate since it can implement the AND, OR 

and NOT functions. 

 

NAND Gate is a Universal Gate: 
To prove that any Boolean function can be implemented using only NOR gates, we 

will show that the AND, OR, and NOT operations can be performed using only these 

gates. 

 

Implementing an Inverter Using only NOR Gate 

The figure shows two ways in which a NOR gate can be used as an inverter (NOT 

gate). 

 

 



1. All NOR input pins connect to the input signal A gives an output A’. 

 

 
 

2. One NOR input pin is connected to the input signal A while all other input pins are 

connected to logic 0. The output will be A’. 

 

 
 

Implementing OR Using only NOR Gates 
 

An OR gate can be replaced by NOR gates as shown in the figure (The OR is 

replaced by a NOR gate with its output complemented by a NOR gate inverter) 

 

 
 

Implementing AND Using only NOR Gates 
 

An AND gate can be replaced by NOR gates as shown in the figure (The AND gate is 

replaced by a NOR gate with all its inputs complemented by NOR gate inverters) 

 

 
 

Thus, the NOR gate is a universal gate since it can implement the AND, OR and 

NOT functions. 

 

Equivalent Gates: 
The shown figure summarizes important cases of gate equivalence. Note that bubbles 

indicate a complement operation (inverter). 

 

A NAND gate is equivalent to an inverted-input OR gate. 

 
 

 

 

 



An AND gate is equivalent to an inverted-input NOR gate. 

 

 
 

A NOR gate is equivalent to an inverted-input AND gate. 

 

 
 

An OR gate is equivalent to an inverted-input NAND gate. 

 

 
 

Two NOT gates in series are same as a buffer because they cancel each other as A’’ = 

A. 

 

Two-Level Implementations: 
We have seen before that Boolean functions in either SOP or POS forms can be 

implemented using 2-Level implementations. 

 

For SOP forms AND gates will be in the first level and a single OR gate will be in the 

second level. 

 

For POS forms OR gates will be in the first level and a single AND gate will be in the 

second level. 

 

Note that using inverters to complement input variables is not counted as a level. 

 

We will show that SOP forms can be implemented using only NAND gates, while 

POS forms can be implemented using only NOR gates. 

 

This is best explained through examples. 

 

Example 1: Implement the following SOP function 
 

F = XZ + Y’Z + X’YZ 

Being an SOP expression, it is implemented in 2-levels as shown in the figure. 
 



 
 

Introducing two successive inverters at the inputs of the OR gate results in the shown 

equivalent implementation. Since two successive inverters on the same line will not 

have an overall effect on the logic as it is shown before. 

(see animation in authorware version) 

By associating one of the inverters with the output of the first level AND gate and the 

other with the input of the OR gate, it is clear that this implementation is reducible to 

2-level implementation where both levels are NAND gates as shown in Figure. 
 

 
 

Example 2: Implement the following POS function 
 

F = (X+Z) (Y’+Z) (X’+Y+Z) 

Being a POS expression, it is implemented in 2-levels as shown in the figure.  

 
Introducing two successive inverters at the inputs of the AND gate results in the 

shown equivalent implementation. Since two successive inverters on the same line 

will not have an overall effect on the logic as it is shown before. 



(see animation in authorware version) 

By associating one of the inverters with the output of the first level OR gates and the 

other with the input of the AND gate, it is clear that this implementation is reducible 

to 2-level implementation where both levels are NOR gates as shown in Figure. 

 
There are some other types of 2-level combinational circuits which are  

• NAND-AND 

• AND-NOR, 

• NOR-OR, 

• OR-NAND 

 

These are explained by examples. 

 

AND-NOR functions: 
Example 3: Implement the following function 

YZXZYXZF ++=  or 

YZXZYXZF ++=  
 

Since F’ is in SOP form, it can be implemented by using NAND-NAND circuit. 

By complementing the output we can get F, or by using NAND-AND circuit as 

shown in the figure. 

 
It can also be implemented using AND-NOR circuit as it is equivalent to NAND-

AND circuit as shown in the figure. (see animation in authorware version) 



 
 

OR-NAND functions: 
Example 4: Implement the following function 

)).().(( ZYXZYZXF ++++=  or  

))()(( ZYXZYZXF ++++=  

 

Since F’ is in POS form, it can be implemented by using NOR-NOR circuit.  

By complementing the output we can get F, or by using NOR-OR circuit as shown in 

the figure. 

 
It can also be implemented using OR-NAND circuit as it is equivalent to NOR-OR 

circuit as shown in the figure. (see animation in authorware version) 

 



XOR - XNOR Gates 
 

Lesson Objectives: 
In addition to AND, OR, NOT, NAND and NOR gates, exclusive-OR (XOR) and 

exclusive-NOR (XNOR) gates are also used in the design of digital circuits. 

These have special functions and applications. These gates are particularly useful in 

arithmetic operations as well as error-detection and correction circuits. 

 

XOR and XNOR gates are usually found as 2-input gates. No multiple-input 

XOR/XNOR gates are available since they are complex to fabricate with hardware. 

 

The objectives of this lesson are to learn about: 

1. XOR gates and XNOR gates 

2. Their properties of operation and basic identities 

3. Odd function and Even function 

4. Parity generation and checking. 
 

XOR Gate: 
The exclusive-OR (XOR), operator uses the symbol ⊕, and it performs the following 

logic operation:  

X ⊕ Y = X Y’ + X’ Y 

 

The graphic symbol and truth table of XOR gate is shown in the figure. 
 

 
 

The result is 1 only when either X is equal to 1 or Y is equal to 1, but not when both X 

and Y are equal to 1.  
 

XNOR Gate: 
The exclusive-NOR (XNOR), operator uses the symbol ́, and it performs the following 

logic operation  

X ́ Y = X Y + X’ Y’ = (X ⊕ Y)’ 

The graphic symbol and truth table of XNOR (Equivalence) gate is shown in the figure. 

 



 
 

The result is 1 when either both X and Y are 0’s or when both are 1’s. That is why this 

gate is often referred to as the Equivalence gate.  

 

The truth tables clearly show that the exclusive-NOR operation is the complement of the 

exclusive-OR. 

 

This can also be shown by algebraic manipulation as follows: 

(X ⊕ Y)’ = (X Y’ + X’ Y)’  

   = (X Y’)’ (X’ Y)’ = (X’ + Y) (X + Y’)  

   = (XY + X’Y’) 

   = X ́ Y 

 

Properties of XOR/XNOR Operations: 
1- Commutativity 
• A ⊕ B = B ⊕ A, and 

• A ́ B = B ́ A  

 

 
 

 

 

2- Associativity 
• A ⊕ (B ⊕ C) = (A ⊕ B) ⊕ C, and 

• A ́ (B ́ C) = (A ́ B) ́ C 
 



 
 

Basic Identities of XOR Operation: 
Any of the following identities can be proven using either truth tables or algebraically by 

replacing the ⊕ operation by its equivalent Boolean expression: 

• X ⊕ 0 = X 

• X ⊕ 1 = X’ 

• X ⊕ X = 0 

• X ⊕ X’ = 1 

• X ⊕ Y’ = X’ ⊕ Y = (X ⊕ Y)’ = X ́ Y 

 

The figure provides a graphical presentation of important XOR/XNOR rules and gate 

equivalence.  

 

 
 

Example: 
Show that (A ́ B) ⊕ (C ́ D) = A ⊕ B ⊕ C ⊕ D 
 

Proving the above identity is easier done using graphical equivalence between gates as 

specified by the previous figure. 
 



The following figure shows a step-by-step approach starting by the logic circuit 

corresponding to the left-hand-side of the identity and performing equivalent gate 

transformations till a circuit is reached that corresponds to the right-hand-side of the 

identity. 

 
 

ODD Function: 
As shown in the K-map, X ⊕ Y ⊕ Z = 1, IFF (if and only if) the number of 1’s in the 

input combination is odd. 

 

 
 

 

 

 

 

 



Likewise, A ⊕ B ⊕ C ⊕ D = 1, IFF the number of 1’s in the input combination is odd. 
 

 
 

In general, an exclusive-OR function of n-variables is an odd function which has a value 

of 1 IFF the number of 1’s in the input combination is odd, otherwise it has a value of 0. 
 

Since XOR gates are only designed with 2 inputs, the 3-input XOR function is 

implemented by means of two 2-input XOR gates, as shown in figure. 
 

 
 

EVEN Function: 
The complement of an odd function is an even function. The even function is equal to 1 

when the number of 1’s in the input combination is even. 
 

The complement of an odd function (an even function) is obtained by replacing the 

output gate with an exclusive-NOR gate, as shown in figure. 
 

 

Parity Generation and Checking: 
Exclusive-OR functions are very useful in systems using parity bits for error-detection. 
 

A parity bit is used for the purpose of detecting errors during transmission of binary 

information. 
 

A parity bit is an extra bit included with a binary message to make the total number of 

1’s in this message (including the parity bit) either odd or even. 
 



The message, including the parity bit, is transmitted and then checked at the receiving 

end for errors. An error is detected if the checked parity does not correspond with the one 

transmitted. 
 

The circuit that generates the parity bit at the transmitter side is called a parity generator. 

The circuit that checks the parity at the receiver side is called a parity checker. 
 

 
 

As an example, consider a 3-bit message to be transmitted together with an even parity 

bit. The table shows the truth table for the even parity generator. 
 

 
The three bits, X, Y, and Z, constitute the message and are the inputs to the even parity 

generator circuit whose output is the parity bit P. 
 

For even parity, whenever the message bits (X, Y& Z) have an odd number of 1’s, the 

parity bit P must be 1. Otherwise, P must be 0. 

Therefore, P can be expressed as a three-variable exclusive-OR function: 

P = X ⊕ Y ⊕ Z 
 

The logic diagram for the even parity generator circuit is shown in the figure. 
 

 
 

The 4 bits (X, Y, Z & P) are transmitted to their destination, where they are applied to a 

parity-checker circuit to check for possible errors in the transmission. 
 



 
 

Since the information was transmitted with even parity, the received four bits must have 

an even number of 1’s. 

 

The parity checker generates an error signal (C = 1), whenever the received four bits have 

an odd number of 1’s. 

 

The table below shows the truth table for the even-parity checker.  
 

 
 

Obviously, the parity checker error output signal C is given by the following expression: 

C = X ⊕ Y ⊕ Z ⊕ P 

 

The logic diagram of the even-parity checker is shown in the figure. 
 

 
 



It is worth noting that the parity generator can also be implemented with the circuit of this 

figure if the input P is connected to logic-0 and the output is marked with P. This is 

because Z ⊕ 0 = Z, causing the value of Z to pass through the gate unchanged. 
 

 
 

The advantage of this is that the same circuit can be used for both parity generation and 

checking. 



K-maps 



Minimization of Boolean expressions 

• The minimization will result in reduction of the number of gates 

(resulting from less number of terms) and the number of inputs 

per gate (resulting from less number of variables per term) 

• The minimization will reduce cost, efficiency and power 

consumption. 

• y(x+x`)=y.1=y 

• y+xx`=y+0=y 

• (x`y+xy`)=xy 

• (x`y`+xy)=(xy)` 

 

 



Minimum SOP and POS   

• The minimum sum of products (MSOP) of a function, f, is a SOP 

representation of f that contains the fewest number of product 

terms and fewest number of literals of any SOP representation of f. 



Minimum SOP and POS 

• Ĩс ;ǆǇǌ нǆǭǇǌн ǆǇǭǌн ͙͘͘Ϳ 
 

Is called sum of products. 

 

The + is sum operator which is an OR gate. 

The product  such as xy is an AND gate for the two inputs x and y.  

 



Example  
• Minimize the following Boolean function using 

sum of products (SOP): 

 

• f(a,b,c,d) = m(3,7,11,12,13,14,15)  

 

     abcd     
3   0011 
7   0111 
11 1011 
12 1100 
13 1101 
14 1110 
15 1111 

  
a`b`cd 
a`bcd 
ab`cd 
abc`d` 
abc`d 
abcd` 
abcd 



Example 

f(a,b,c,d) = m(3,7,11,12,13,14,15)  

=a`b`cd + a`bcd + ab`cd + abc`d`+ abc`d + abcd` + abcd  

=cd(a`b`  + a`b  + ab`) + ab(c`d` +  c`d +  cd` +  cd ) 

=cd(a`[b`  + b]  + ab`) + ab(c`[d` +  d] +  c[d` +  d]) 

=cd(a`[1]  + ab`) + ab(c`[1] +  c[1]) 

=ab+ab`cd + a`cd  

=ab+cd(ab` + a`) 

=ab+ cd(a + a`)(a`+b`) 

= ab + a`cd + b`cd       

 = ab +cd(a` + b`) 

 



Minimum product of sums (MPOS) 

• The minimum product of sums (MPOS) of a function, f, is a POS 

representation of f that contains the fewest number of sum terms and 

the fewest number of literals of any POS representation of f. 

• The zeros are considered exactly the same as ones in the case of sum 

of product (SOP) 



Example 

 f(a,b,c,d) = M(0,1,2,4,5,6,8,9,10)     

=m(3,7,11,12,13,14,15) 

=[(a+b+c+d)(a+b+c+d`)(a+b`+c`+d`) 

(a`+b+c`+d`)(a`+b`+c+ d)(a`+b`+c+ d`)  (a`+b`+c`+d)(a`+b`+c`+d`)] 

 

 



Karnaugh Maps (K-maps) 

• Karnaugh maps -- A tool for representing Boolean functions of 

up to six variables. 

• K-maps are tables of rows and columns with entries represent 

1`s or 0`s of SOP and POS representations. 

 



Karnaugh Maps (K-maps) 

• An n-variable K-map has 2n cells with each cell 
corresponding to an n-variable truth table 
value. 

 

• K-map cells are labeled with the corresponding 
truth-table row. 

 

• K-map cells are arranged such that adjacent 
cells correspond to truth rows that differ in 
only one bit position (logical adjacency).  

 

 



Karnaugh Maps (K-maps) 

• If mi is a minterm of f, then place a 1 in cell i of the K-map. 

 

• If Mi is a maxterm of f, then place a 0 in cell i. 

 

• If di ŝƐ Ă ĚŽŶ͛ƚ ĐĂƌĞ ŽĨ f, then place a d or x in cell i. 

 



Examples 

• Two variable K-map f(A,B)=m(0,1,3)=A`B`+A`B+AB 

 

 

1 0 

1 1 

A    0    1 B
  0     1 



Three variable map 

• f(A,B,C) = m(0,3,5)= 

A`B`C`+A`BC+AB`C 

1 

1 

A`BC 

1 

AB`C 

A`B` 

0  0 

A`B 

0  1 

A  B 

1  1   

A  B` 

1  0 

C` 

0 

C 

1 

A`B`C` 



Maxterm example 

 f(A,B,C) = M(1,2,4,6,7) 

=(A+B+C`)(A+B`+C)(A`+B+C) )(A`+B`+C) (A`+B`+C`) 

Note that the complements are (0,3,5) which are the minterms of 
the previous example 

 

  0 0 0 

0   0   

A`B` A`B AB AB` 

C` 

C 

(A+B)  (A+B`) (A`+B`) (A`+B) 

C 

C  ̀



Four variable example 
(a) Minterm form.  (b) Maxterm form. 

f(a,b,Q,G) = m(0,3,5,7,10,11,12,13,14,15) = M(1,2,4,6,8,9) 



Simplification of Boolean Functions 

Using K-maps 

• K-map cells that are physically adjacent are also logically 

adjacent.  Also, cells on an edge of a K-map are logically 

adjacent to cells on the opposite edge of the map. 

 

• If two logically adjacent cells both contain logical 1s, the 

two cells can be combined to eliminate the variable that 

ŚĂƐ ǀĂůƵĞ ϭ ŝŶ ŽŶĞ ĐĞůů͛Ɛ ůĂďĞů ĂŶĚ ǀĂůƵĞ Ϭ ŝŶ ƚŚĞ ŽƚŚĞƌ͘  



Simplification of Boolean Functions 

Using K-maps 

• This is equivalent to the algebraic operation, aP + a P =P 

where P is a product term not containing a or a. 
 

• A group of cells can be combined only if all cells in the group 

have the same value for some set of variables. 

 

 



Simplification Guidelines for K-maps 

• Always combine as many cells in a group as possible.  

This will result in the fewest number of literals in the 

term that represents the group. 

• Make as few groupings as possible to cover all 

minterms.  This will result in the fewest product 

terms. 

• Always begin with the largest group, which means if 

you can find eight members group is better than two 

four groups and one four group is better than pair of 

two-group. 



  Example  

Simplify f= A`BC`+ A B C`+ A B C using;   

(a) Sum of minterms.  (b) Maxterms. 

 

• Each cell of an n-variable K-map has n logically adjacent 

cells. 

C

AB

00 01 11 10
0 2 6 4

1 3 7 5

0

1

B

0

0C

A

C

AB

00 01 11 10
0 2 6 4

1 3 7 5

0

1C

A

B
AB

BC

1 1

1 0

0

0

a- f(A,B,C) = AB + BC 

b- f(A,B,C) = B(A +  C) 

F`= B`+ A`C F = B(A+C`) 



Example Simplify 

CD

AB

00 01 11 10
0 4 12 8

1 5 13 9

3 7 15 11

2 6 14 10
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1

f(A,B,C,D) = m(2,3,4,5,7,8,10,13,15) 



 Example Multiple selections 

CD

AB

00 01 11 10
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1 5 13 9
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1 5 13 9
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2 6 14 10

00
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11
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B

D

A

C

1 1

1 1

1 1

1 1

1

(c)

f(A,B,C,D) = m(2,3,4,5,7,8,10,13,15) 

 c produces less terms than a 



  Example  Redundant selections 

 f(A,B,C,D) = m(0,5,7,8,10,12,14,15) 

1

1 1

1

1 11

1

CD
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Example 



Example 



Example 



f(A,B,C,D) = m(1,2,4,6,9) 

CD

AB

00 01 11 10
0 4 12 8

1 5 13 9

3 7 15 11

2 6 14 10

00
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1

1 1

1 1

A

C

Step 2

Step 1

Step 3



Different styles of drawing maps 
  f(A,B,C) = m(1,2,3,6) = AC + BC 

1 

1 1 

1 

1

C

AB

00 01 11 10
0 2 6 4

3 7 5

0

1

B

1 1

1 1

A

C

BC 
A 00 01 11 10 

0 

1 

1 1 1 

1 

C 

AB 
0 1 

00 

01 

11 

10 



• Minterms that may produce either 0 or 1 for the function.  

• They are marked with an ´ in the K-map.  

• This happens, for example, when we don’t input certain 
minterms to the Boolean function.  

• These don’t-care conditions can be used to provide further 
simplification of the algebraic expression. 

(Example) F = A`B`C`+A`BC` + ABC`  

 d=A`B`C +A`BC + AB`C 

F = A` + BC`  

Don’t-care condition 



Basic Concepts
The maximum size of the memory that can be used in any computer is
determined by the addressing scheme.

16-bit addresses = 216 = 64K memory locations
Most modern computers are byte addressable.

Up to 2k addressable
MDR

MAR

Figure 5.1. Connection of the memory to the processor.

k-bit
address bus

n-bit
data bus

Control lines
(          , MFC, etc.)

Processor Memory

locations

Word length = n bits

WR /



The Memory Hierarchy



Main Memory : memory unit that communicates directly with
the CPU (RAM)
Auxiliary Memory : device that provide backup storage (Disk
Drives)
Cache Memory : special very-high-speed memory to increase
the processing speed (Cache RAM)



Basic Concepts
Memory access time :the average time taken to read a unit of

information
Memory cycle time: - the average time lapse between two successive

read operations



Semiconductor RAM Memories



Each memory cell can hold one bit of information.
Memory cells are organized in the form of an array.
One row is one memory word.
All cells of a row are connected to a common line, known as the

“word line”.
Word line is connected to the address decoder.
Sense/write circuits are connected to the data input/output lines of

the memory chip.



Internal Organization of Memory Chips

FF

Figure 5.2. Organization of bit cells in a memory chip.

circuit
Sense / Write

Address
decoder

FF

CS

cells
Memory

circuit
Sense / Write Sense / Write
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Data input/output lines:
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W1

W15
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b7 b1 b0
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A Memory Chip

Figure 5.3. Organization of a 1K(1024) 1 memory chip

CS

Sense/ Write
circuitry

array
memory cell

address
5-bit row

input/output
Data

5-bit
decoder

address
5-bit column

address
10-bit

output multiplexer
32-to-1

input demultiplexer

32 32

WR/

W0

W1

W31

and



SRAM Cell
Two transistor inverters are cross connected to implement a basic flip-flop.
The cell is connected to one word line and two bits lines by transistors T1 and T2
When word line is at ground level, the transistors are turned off and the latch retains

its state.
Two states

State 1:if the logic value at point X is 1 and Y is 0
State 0: if the logic value at point X is 0 and Y is 1

YX

Word line

Bit lines

b

T 2T 1

b ¢





Asynchronous DRAMs
Static RAMs (SRAMs):

Consist of circuits that are capable of retaining their state as long
as the power is applied.

Volatile memories, because their contents are lost when power is
interrupted.

Access times of static RAMs are in the range of few
nanoseconds.

the cost is usually high.
Dynamic RAMs (DRAMs):

Do not retain their state indefinitely.
Contents must be periodically refreshed.
Contents may be refreshed while accessing them for reading.



Each row can store 512 bytes.
12 bits to select a row, and 9 bits
to select a group in a row. Total
of 21 bits.
•First apply the row address,
RAS signal latches the row
address. Then apply the column
address, CAS signal latches the
address.
•Timing of the memory unit is
controlled by a specialized unit
which generates RAS and CAS.
•This is asynchronous DRAM

Column

CSSense / Write
circuits

cell arraylatch
address
Row

Column

latch

decoder
Row

decoderaddress

4096 512 8( )

R/W

A20 9- A8 0-

D0D7

RAS

CAS

16 megabit DRAM chip



The operations of SDRAM are controlled by a clock signal.

R/ W

RAS

CAS

CS

Clock

Cell array
latch

address
Row

decoder
Row

Figure 5.8. Synchronous DRAM.

decoder
Column Read/Write

circuits & latchescounter
address
Column

Row/Column
address

Data input
register

Data output
register

Data

Refresh
counter

Mode register
and

timing control

•Operation is directly
synchronized with processor clock
signal.
•The outputs of the sense circuits
are connected to a latch.
•During a Read operation, the
contents of the cells in a row are
loaded onto the latches.
•During a refresh operation, the
contents of the cells are refreshed
without changing the contents of
the latches.
•Data held in the latches
correspond to the selected
columns are transferred to the
output.



Synchronous DRAMs

Refresh circuits are included (every 64ms).
Clock frequency > 100 MHz
Intel PC100 and PC133

Latency and Bandwidth
• Memory latency – the amount of time it takes to transfer a word of

data to or from the memory.
• Memory bandwidth – the number of bits or bytes that can be

transferred in one second. It is used to measure how much time is
needed to transfer an entire block of data.

• Bandwidth is the product of the rate at which data are transferred
(and accessed) and the width of the data bus.



Double-Data-Rate SDRAM
Standard SDRAM performs all actions on the rising edge of the

clock signal.
DDR SDRAM accesses the cell array in the same way, but transfers

the data on both edges of the clock.
The cell array is organized in two banks. Each can be accessed

separately.

DDR-SDRAM



Static memories
19-bit internal chip address

decoder
2-bit

addresses
21-bit

A0
A1

A19

memory chip

A20

D31-24 D7-0D23-16 D15-8

512K 8

Chip select

memory chip

19-bit
address

512K 8

8-bit data
input/output

•Implement a memory unit of 2M
words of 32 bits each.
•Use 512x8 static memory chips.
•Each column consists of 4 chips.
•Each chip implements one byte
position.
•A chip is selected by setting its
chip select control line to 1.
•Selected chip places its data on he
data output line, outputs of other
chips are in high impedance state.
•21 bits to address a 32-bit word.
•High order 19 bits are needed to
select the row and lower order 2 bits for
select column by activating the
four Chip Select signals.
•19 bits are used to access specific
byte locations inside the selected
chip.Organization of a 2M  * 32 memory module using 512 K * 8 static chips



Considerations
The choice of a RAM chip for a given application depends on

several factors:
Cost, speed, power, size…

SRAMs are faster, more expensive, smaller.
DRAMs are slower, cheaper, larger.





Memory Controller

Processor

RAS

CAS

R/ W

Clock

Address
Row/Column

address

Memory
controller

R/ W

Clock

Request

CS

Data

Memory

Figure 5.11.  Use of a memory controller.



Read-Only Memories



ROM
ROM is used for storing programs that are PERMENTLY resident in

the computer and for tables of constants that do not change in value
once the production of the computer is completed
The ROM portion of main memory is needed for storing an initial

program called bootstrap loader,

Not connected to store a 1
Connected to store a 0

Figure 5.12. A ROM cell.

Word line

P

Bit line

T



Read-Only-Memory
ROM
PROM: programmable ROM
EPROM: erasable, reprogrammable ROM
EEPROM: can be programmed and erased electrically

Flash Memory
• Difference: only possible to write an entire block of cells ,but read the

contents of a single cell
• Low power consumption
• Use in portable equipment

Flash cards
Flash drives





Cache

• Processor issues a Read request, a block of words is transferred
from the main memory to the cache, one word at a
time.Subsequent references to the data in this block of words are
found in the cache.

• At any given time, only some blocks in the main memory are held
in the cache. Which blocks in the main memory are in the cache is
determined by a “mapping function.

• When the cache is full, and a block of words needs to be
transferred
from the main memory, some block of words in the cache must be
replaced. This is determined by a “replacement algorithm”.

Figure 5.14. Use of a cache memory.

Cache Main
memoryProcessor



Cache memory 
If the active portions of the program and data are placed in a fast small

memory, the average memory access time can be reduced, Thus reducing
the total execution time of the program
Such a fast small memory is referred to as cache memory
The cache is the fastest component in the memory hierarchy and

approaches the speed of CPU component.
When CPU needs to access memory, the cache is examined

• Locality of reference
- temporal
- spatial

• Cache block – cache line
A set of contiguous address locations of some size



Principle of Locality
Principle of locality (or locality of reference):

Program accesses a relatively small portion of the address space at
any instant of time.

Temporal locality and spatial locality.

Temporal locality (locality in time):
• Keep most recently accessed data items closer to the processor.

Spatial locality (locality in space):
• Move blocks consisting of contiguous words to ‘upper’ levels.

Cache Hit: data appears in some block
• Hit rate: the fraction of memory access found in the upper level.

Cache Miss: data is not found, and needs to be retrieved from a block.



CPU

Cache

Main
Memory

Hit

Miss



The basic characteristic of cache memory is its fast access time,
Therefore, very little or no time must be wasted when searching the
words in the cache
The transformation of data from main memory to cache memory is

referred to as a mapping process, there are three types of mapping:
Associative mapping
Direct mapping
Set-associative mapping

• In general case, there are 2^k words in cache memory and 2^n
words in main memory .

• The n bit memory address is divided into two fields: k-bits for the
index and n-k bits for the tag field.



Direct mapping
Main

memory Block 0

Block 1

Block 127

Block 128

Block 129

Block 255

Block 256

Block 257

Block 4095

7 4

Main memory address

Tag Block Word

5

tag

tag

tag

Cache

Block 0

Block 1

Block 127

•Block j of the main memory maps to j modulo 128
of the cache. 0 maps to 0, 129 maps to 1.
•More than one memory block is mapped onto the
same position in the cache.
•May lead to contention for cache blocks even if the
cache is not full.
•Resolve the contention by allowing new block to
replace the old block, leading to a trivial
replacement algorithm.
•Memory address is divided into three fields:

- Low order 4 bits determine one of the 16
words in a block.

- When a new block is brought into the cache,
the next 7 bits determine which cache block this
new block is placed in.

- High order 5 bits determine which of the
possible 32 blocks is currently present in the cache.
These are tag bits.
•Simple to implement but not very flexible.



Tag: 11101
Block: 1111111=127, in the 127th block of the cache
Word:1100=12, the 12th word of the 127th block in the cache

7 4 Main memory address
Tag Block Word
5

11101,1111111,1100



Associative mapping
•Main memory block can be placed
into any cache position.
•Memory address is divided into two
fields:

- Low order 4 bits identify the word
within a block.

-high order 12 tag bits Identify
which of the 4096 blocks that are
resident in the cache 4096=212.
•Flexible, and uses cache space
efficiently.
•Replacement algorithms can be used
to replace an existing block in the
cache when the cache is full.

Main
memory Block 0

Block 1

Block 127

Block 128

Block 129

Block 255

Block 256

Block 257

Block 4095

4

Main memory address

Tag Word
12

tag

tag

tag

Cache

Block 0

Block 1

Block 127



Tag: 111011111111
Word:1100=12, the 12th word of a block in the cache

111011111111,1100

412 Main memory address
Tag Word



Set-Associative Mapping

•Blocks of cache are grouped into sets.
•Mapping function allows a block of the
main memory to reside in any block of a
specific set.
•Divide the cache into 64 sets, with two
blocks per set.
•Memory address is divided into three
fields:

- 6 bit Set field determines the set
number.

- High order 6 bit fields are
compared to the tag fields of the two
blocks in a set.
•Number of blocks per set is a design
parameter.

tag

tag

tag

Cache

Main
memory

Block 0

Block 1

Block 63

Block 64

Block 65

Block 127

Block 128

Block 129

Block 4095

Block 0

Block 1

Block 126

tag

tag

Block 2

Block 3

tag
Block 127

Main memory address

6 6 4

Tag Set Word

Set 0

Set 1

Set 63



Tag: 111011
Set: 111111=63, in the 63th set of the cache
Word:1100=12, the 12th word of the 63th set in the cache

Main memory address6 6 4
Tag Set Word

111011,111111,1100



Replacement Algorithms

Difficult to determine which blocks to kick out
The cache controller tracks references to all blocks as computation

proceeds.
Increase / clear track counters when a hit/miss occurs

• For Associative & Set-Associative Cache
Which location should be emptied when the cache is full and a
miss occurs?
•First In First Out (FIFO)
•Least Recently Used (LRU)



Replacement Algorithms
CPU 
Reference

A B C A D E A D C F

Miss Miss Miss Hit Miss Miss Miss Hit Hit Miss
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Replacement Algorithms
CPU 
Reference

A B C A D E A D C F

Miss Miss Miss Hit Miss Miss Hit Hit Hit Miss

Cache
LRU

A B
A

C
B
A

A
C
B

D
A
C
B

E
D
A
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A
E
D
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D
A
E
C

C
D
A
E
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Virtual Memories





Virtual memory organization

Data

Data

DMA transfer

Physical address

Physical address

Virtual address

Disk storage

Main memory

Cache

MMU

Processor

•Memory management unit (MMU) translates
virtual addresses into physical addresses.
•If the desired data or instructions are in the
main memory they are fetched as described
previously.
•If the desired data or instructions are not in
the main memory, they must be transferred
from secondary storage to the main memory.
•MMU causes the operating system to bring
the data from the secondary storage into the
main memory.
•Virtual addresses will be translated into
physical addresses.
•The virtual memory mechanism bridges the
size and speed gaps between the main
memory and secondary storage – similar to
cache





Information about the main memory location of each page is kept in the
page table.
Area of the main memory that can hold a page is called as page frame.
Starting address of the page table is kept in a page table base register.
Page table entry for a page includes:

Address of the page frame where the page resides in the main memory.
Some control bits.

Virtual page number generated by the processor is added to the contents
of the page table base register.

This provides the address of the corresponding entry in the page table.
The contents of this location in the page table give the starting address
of the page if the page is currently in the main memory.



Page frame

Virtual address from processor

in memory

Offset

Offset

Virtual page numberPage table address

Page table base register

Control
bits

Physical address in main memory

PAGE TABLE

Page frame

+

Virtual address is
interpreted as page
number and offset.

Page table holds
information about each
page. This includes the
starting address of the
page in the main memory.

PTBR holds
the address of
the page table.

PTBR + virtual page 
number provide
the entry of the page 
in the page table.







if a program generates an access to a page that is not in the main
memory, a page fault is occur.
Upon detecting a page fault by the MMU, following actions
occur:

MMU asks the operating system to intervene by raising an
exception.
Processing of the active task which caused the page fault is
interrupted.
Control is transferred to the operating system.
Operating system copies the requested page from secondary
storage to the main memory.
Once the page is copied, control is returned to the task which
was interrupted.







Methods of address layouts

Consecutive words are placed in a module.
High-order k bits of a memory address
determine the module.
Low-order m bits of a memory address
determine the word within a module.
When a block of words is transferred from
main memory to cache, only one module is
busy at a time.

m bits

Address in module MM address

i

k bits

Module Module Module

Module

DBRABR DBRABR ABR DBR

0 n 1- i

k bits

0
ModuleModuleModule

Module MM address

DBRABRABR DBRABR DBR

Address in module

2k 1-

m bits

•Consecutive words are located in
consecutive modules.
•Consecutive addresses can be located
in consecutive modules.
•While transferring a block of data,
several memory modules can be kept
busy at the same time.

Consecutive words in a module Consecutive words in consecutive modules.





Caches on the Processor Chip

On chip vs. off chip
Two separate caches for instructions and data or Single cache for
both
the advantage of separating caches – parallelism, better
performance
Level 1 and Level 2 caches, are used in high performance
processors
L1 cache – faster and smaller. Access more than one word
simultaneously and let the processor use them one at a time. Is on
the processor chip
L2 cache – slower and larger. May be implemented externally using
SRAM chips.
Average access time: tave = h1C1 + (1-h1)h2C2 + (1-h1)(1-h2)M
where h is the hit rate, C is the time to access information in cache,
M is the time to access information in main memory.









Secondary Storage



Magnetic Hard Disks



Organization of Data on a Disk

Sector 0, track 0
Sector 3, trackn

Figure 5.30.  Organization of one surface of a disk.

Sector 0, track 1



Sector header
Following the data, there is an error-correction code (ECC).
Formatting process
Difference between inner tracks and outer tracks
Access time – seek time / rotational delay (latency time)
Data buffer/cache



Disk Controller

Processor Main memory

System bus

Figure 5.31.  Disks connected to the system bus.

Disk controller

Disk drive Disk drive



Disk Controller
Seek
Read
Write
Error checking

RAID Disk Arrays
• Redundant Array of Inexpensive Disks
• Using multiple disks makes it cheaper for huge storage, and

also possible to improve the reliability of the overall system.
• RAID0 – data striping
• RAID1 – identical copies of data on two disks
• RAID2, 3, 4 – increased reliability
• RAID5 – parity-based error-recovery



Optical Disks

CD-ROM
CD-Recordable (CD-R)
CD-ReWritable (CD-RW)
DVD
DVD-RAM

Aluminum Acrylic Label

(a) Cross-section

Polycarbonate plastic

Source Detector Source Detector Source Detector

No reflection

Reflection Reflection

Pit Land

0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0 0 1 0

(c) Stored binary pattern

Figure 5.32.  Optical disk.

Pit Land

1

(b) Transition from pit to land



Magnetic Tape Systems

Figure 5.33. Organization of data on magnetic tape.
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